The purpose of this paper is to study stability and strong convergence of asymptotically pseudocontractive mappings by using a new composite implicit iteration process in an arbitrary real Banach space. The results in this paper improve and extend the corresponding results in the literature.
Introduction
Throughout this paper we assume that E is an arbitrary real Banach space and E * denotes the dual space of E. The normalized duality map J : E →  E * is defined by Jx := u * ∈ E * : x, u * = x  ; u * = x , where ·, · denotes the generalized duality pairing between elements of E and E * . If E * is strictly convex, then J is single-valued. We first recall some definitions and conclusions.
Definition . Let T : D(T) ⊂ E → E be a mapping.
() T is said to be asymptotically nonexpansive (see [] ) if there exists a sequence {k n } ⊂ [, ∞), lim n→∞ k n =  such that T n x -T n y ≤ k n x -y , ∀x, y ∈ D(T), n ≥ ;
() T is said to be asymptotically pseudocontractive (see [] ) with sequence {k n } ⊂ [, ∞), if and only if lim n→∞ k n = , for all n ≥ , x, y ∈ D(T) and there exists j(x -y) ∈ J(x -y) such that T n x -T n y, j(x -y) ≤ k n x -y  ;
() T is said to be strictly asymptotically pseudocontractive with sequence {k n } ⊂ [, ∞), if and only if lim n→∞ k n = k ∈ (, ), for all n ≥ , x, y ∈ D(T) and there exists j(x -y) ∈ J(x -y) such that T n x -T n y, j(x -y) ≤ k n x -y  ;
() T is said to be uniformly L-Lipschitzian (see [] ) if there exists a constant L >  such that
It is easy to see that every asymptotically nonexpansive mapping is uniformly L-Lipschitzian and asymptotically pseudocontractive. In [], Rhoades constructed an example to show that the class of asymptotically pseudocontractive mappings properly contains the class of asymptotically nonexpansive mappings.
The class of asymptotically pseudocontractive mappings has been studied by several authors (see [, -] and the references cited therein) by using the modified Mann iteration process (see [] ) and the modified Ishikawa iteration process (see [] 
Then {x n } converges to some fixed point of T.
The recursion formula (.) is a modification of the well-known Mann iteration process (see, e.g., [] 
). If there exists a strictly increasing function
Let K be nonempty closed convex subset of E and {T i } r i= be a finite family of nonexpansive mappings from K into itself (i.e., T i x -T i y ≤ x -y for x, y ∈ K and i = , , . . . , r). In , Xu and Ori [] introduced the following implicit iteration process. For an arbitrary x  ∈ K and {α n } ∞ n= ⊂ [, ), the sequence {x n } ∞ n= is generated as follows:
The scheme can be expressed in compact form by
Using this iteration, they proved that the sequence {x n } converges weakly to a common fixed point of the finite family of nonexpansive mappings {T i } r i= in Hilbert spaces under certain conditions. Since then, the construction of fixed points for nonexpansive mappings and strictly pseudocontractive mappings and some other mappings via the implicit iterative algorithm has been extensively investigated by many authors (see, e.g., [-] and the references cited therein). An implicit process is generally desirable when no explicit scheme is available. Such a process is generally used as a 'tool' to establish the convergence of an explicit scheme.
In , Chang et al.
[] introduced another implicit iteration process with error. In the sense of [], the implicit iteration process with errors for a finite family of asymptotically nonexpansive mappings {T i } r i= is generated from an arbitrary x  ∈ K by
n= is a suitable sequence in [, ] and {u n } ⊂ K is such that ∞ n= u n < ∞. They extended the results of [] from Hilbert spaces to more general uniformly convex Banach spaces and from nonexpansive mappings to asymptotically nonexpansive mappings.
It is clear that even if K is a nonempty convex subset of E and {u n } ⊂ K is such that ∞ n= u n < ∞, then the implicit iterative sequence with errors in the sense of [] need not be well defined, i.e., {x n } ∞ n= may fail to be in K . More precisely, the conditions imposed on the error terms are not compatible with the randomness of the occurrence of errors.
In [], Thakur proposed another modified composite implicit iteration process for a finite family of asymptotically nonexpansive mappings as follows:
Inspired and motivated by these facts, we introduce a new modified composite implicit iteration process for an asymptotically pseudocontractive mappings as follows:
Unlike iteration methods with errors of [], our iteration process (.) is always well defined, that is, {x n } is always in K if K is convex subset of E. If {β n } = {} for all n ≥ , (.) becomes the explicit form as follows: Harder and Hicks [] mentioned that the study of the stability of iterative schemes is useful for both theoretical and numerical investigations. Consequently, several authors have studied the stability of iterative schemes for various types of nonlinear mappings (see, e.g., [-] and the references cited therein).
The purpose of this paper is to study the stability and convergence of the composite implicit iterative sequence for an asymptotically pseudocontractive mapping in arbitrary real Banach spaces.
Let K be a nonempty convex subset of E and T : K → K be a mapping, x  ∈ K and {x n } ⊂ K defined by
where f is a continuous mapping. Suppose that F(T) = ∅ and x n → p ∈ F(T). Let {s n } be any bounded sequence in K and {ε n } a sequence in [, ∞) defined by 
Preliminaries
In the sequel, F(T) = {x ∈ K : Tx = x} denotes the set of fixed points of T. We give the stability definition for the sequence {x n } defined by (.).
Definition . Let {x n } be the sequence defined by (.) such that x n → p ∈ F(T). Let {s n } be any bounded sequence in K . Define a sequence {ε n } by
If ε n →  implies that s n → p, then the sequence {x n } is said to be T-stable. If ε n /α n →  implies that s n → p, then the sequence {x n } is said to be weakly T-stable. If ∞ n= ε n < ∞ implies that s n → p, then the sequence {x n } is said to be almost T -stable.
The following lemmas will be needed in proving our main results. 
Lemma . (Lemma . of []) Let E be a real Banach space, T : E → E a mapping, and λ any positive real number. Then for any x, y ∈ E and k
Lemma . Let E be a normed linear space then for all x, y ∈ E and for all j(x + y) ∈ J(x + y), the following inequality holds:
First we give two auxiliary lemmas.
Lemma . Let K be a nonempty convex subset of an arbitrary real Banach space E and T : K → K an asymptotically pseudocontractive mapping with {k n } ⊂ [, ∞) and let F(T) = ∅.

If {x n } is the iterative sequence defined by (.) and p ∈ F(T), then
Proof Since T is an asymptotically pseudocontractive mapping with
Then we have
Thus it follows from Lemma . that
It follows from (.) that
Since p ∈ F(T), we have
From (.) and (.), we have
Therefore from (.) we have
where b n = T n x n+ -T n y n + α n (k n + ) x n -T n y n . This completes the proof.
Main results
Theorem . Let K be a nonempty convex subset of an arbitrary real Banach space E and T : K → K be a uniformly Lipschitzian (with a Lipschitzian constant L > ) and strictly asymptotically pseudocontractive mapping with sequence {k
, and let F(T) = ∅. Assume that {x n }, {y n } are the sequences defined by (.), {α n }, {β n } ⊂ [, ] satisfy the following conditions:
If {x n } is bounded in K , then () {x n } converges strongly to the unique common fixed point p of T; () {x n } is both almost T-stable and weakly T-stable.
Proof Assume that p  , p  ∈ F(T). Since T is a strictly asymptotically pseudocontractive mapping, there exists
By the strictly asymptotically pseudocontractive property of T, similar to (.), we have
Next we will prove that b n →  (n → ∞).
Since T : K → K is uniformly Lipschitzian with a Lipschitzian constant L > , for all x, y ∈ K , we have
This implies that {T n x n+ } is bounded in K since {x n } is bounded. Similarly, {T n x n } is bounded sequence in K . It follows from (.) that
This implies that {y n } is bounded. Thus by the uniform Lipschitzianness of T, we have
This implies that {T n y n } is also bounded. From (.) and (.), we have
Therefore we have
Observing (.), {x n }, {T n y n } bounded in K and α n →  (n → ∞), we know that b n →  (n → ∞). By Lemma . and (.), we have x n → p (n → ∞). The conclusion () is proved. Next we prove the conclusion (). For any bounded sequence {s n } ⊂ K defined by (.) and p ∈ F(T), we have
where
It follows from (.) that
By using a similar method to that given in proving (.)-(.), (.), we can prove that
uniformly Lipschitzian with
Lipschitzian constant L > , we have T n s n -p ≤ L s n -p . This implies that the sequence {T n s n } is bounded since {s n } is bounded in K . By the same method as in proving (.)-(.),
we can prove that the sequence {T n z n } is bounded and T n p n -T n z n →  (n → ∞).
Therefore we have b n →  (n → ∞). Substituting (.) into (.) we have
If ε n /α n → , taking a n = s n -p , t n = α n δ, c n =  in Lemma ., from (.), we have s n → p (n → ∞), i.e., {x n } is weakly T-stable. This completes the proof.
Example . Let E = R = (-∞, ∞) with the usual norm. Take K = [, ] and define T :
for all n ≥ . Then F(T) = {} and T is not continuous at x = . We can verify that
Thus T  is continuous in K and
That is, T is a strictly asymptotically pseudocontractive mapping.
, where E has the usual norm. Then F(T) = {} and T is a strictly asymptotically pseudocontractive mapping with k n =   . Consider the following conditions:
Let {x n } be the sequence defined by (.). So
We have the results in Table  . Proof Since {x n } is bounded in K , then M = sup n≥ { x n -p } < ∞ for p ∈ F(T). It follows from Lemma . and (.) that there exists j(x n+ -p) ∈ J(x n+ -p) such that
+ α n T n y n -T n x n+ , j(x n+ -p) 
